
1084 AIAA JOURNAL VOL. 29, NO. 7

Fresh Look at Floating Shock Fitting

Peter M. Hartwich*
ViGYAN, Inc., Hampton, Virginia 23666

A fast implicit upwind procedure for the two-dimensional Euler equations is described that allows accurate
computations of shocked flows on nonadapted meshes. The upwinding is based on the nonconservative
split-coefficient-matrix (SCM) method that is extended here in two ways: 1) floating shock fitting has been
implemented for proper treatment of shocks, and 2) a diagonalized approximate factorization (AF) algorithm
has been devised to promote convergence to steady-state solutions. Results are presented for Riemann's
problem, for a regular shock reflection at an inviscid wall, for supersonic flow past a cylinder, and for a
transonic airfoil. These results demonstrate 1) that all shocks are ideally sharp and in excellent agreement with
other numerical results or "exact" solutions, 2) that this has been accomplished on unusually crude meshes
without any attempt to align grid lines with shock fronts or to cluster grid lines around shocks, and 3) that it is
possible to construct general shock-fitting schemes.

I. Introduction

A LTHOUGH Euler solvers using shock fitting have al-
ways been known for being faster than shock-capturing

schemes1"3 and of equal if not better accuracy,1"4 they have
also been notorious for requiring skilled personal intervention
every time a new problem is to be studied. It was particularly
this shortcoming that led to the demise of shock-fitting meth-
ods and to the ascent of shock-capturing schemes. For a long
time, shock capturing has been treated as the sole candidate
for constructing largely user-independent, general-purpose
Euler solvers. This conviction roots in the fact that shock-cap-
turing schemes solve for the conservative Euler equations that
admit shocks as weak solutions.5 Thus, shock-capturing meth-
ods can be highly automated in the sense of using the same
differencing concept in regions of smooth flow as well as
across shocks.

For years, only Moretti and a few dedicated colleagues (see,
for instance, Refs. 6-8 and the references cited there) have
prevented shock fitting from extinction by producing several
accurate floating-shock-fitting schemes based on Moretti's X-
formulation.9 But lately, the interest of the CFD community
in the concept and notions of shock fitting appears to be on
the rise again. Elements of shock fitting have been introduced
in some shock-capturing methods to enhance their accu-
racy.10'12 Other researchers feel that it might be time to recon-
sider pure shock-fitting schemes.4'13

This report falls into the latter category. The objective has
been to formulate a general, nonconservative Euler solver
using floating shock fitting that can handle all kinds of
shocked flows with user-specified input limited to grid geome-
try, initial and boundary conditions. To expedite the develop-
ment of such a procedure, proven numerical technology has
been utilized whenever possible. The formulation of the gov-
erning equations follows closely that of the split-coefficient-
matrix (SCM) method.14 Away from shocks, second-order-ac-
curate, fully one-sided spatial differences are used. Differ-
ences across shocks are efficiently suppressed via operator
arrays. The solution is advanced in time with a diagonalized
approximate factorization (AF) algorithm that was originally
introduced by Pulliam and Chaussee.15 Shocks are explicitly
computed using several of Moretti's ideas and notions6'16 with
one major change: The shock orientation is computed locally
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by observing that the shock normal runs parallel to the change
in velocity across shocks. This approach has been originally
employed by Davis10 for enhancing the accuracy of shock-cap-
turing schemes across shocks by using rotated differences.

The formulation of this method is given in the next six
sections. The resulting scheme has been applied to Riemann's
problem to demonstrate its ability to accurately track transient
shock waves. The accuracy and efficiency of the code are
illustrated for an inviscid shock reflection problem, in which
the shocks run obliquely across a Cartesian mesh. The compu-
tations of supersonic flow past a circular cylinder show that
the code sustains its performance on curvilinear, body-fitted
grids that are not tailored to a strong bow shock. The code
also does well in computing transonic airfoils with embedded
shocks on unadapted meshes.

II. Governing Equations
Upwind methods are aimed at constructing finite-difference

schemes based on the theory of characteristics. Information
about characteristic behavior becomes useful along the
perimeter of the integration domain and along discontinuities.
Nonconservative shock-fitting schemes can incorporate up-
winding very cheaply, since the dependent variables can be
chosen for convenience. Three, in a way, "natural" choices
are a (speed of sound) and u, v (Cartesian velocities), for they
are required in any upwind scheme. The fourth choice is s
(entropy) to reduce the number and complexity of the terms in
the governing equations.

If we let

d = (y — l)/2 (7 = ratio of specific heats) (1)

the two-dimensional, compressible, nonconservative Euler
equations for a polytropic gas at constant y are written in
general coordinates as

Qt + (2)

with

= (a,u,v,s)T

All quantities are normalized with reference values for pres-
sure, density, and length (pref, pre/, andxre/, respectively). The
reference velocity, temperature, and time are thus

Vref = ^/Pref/Pref Tref = pref/(Rpref)

tref = Xref/Vref (3)
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with R being the specific gas constant. The nondimensional
entropy is defined as

shock

s = (4)

A coefficient matrix C is defined as

C =

A5

- a\6/8
d\6 /3<5A6 ad(2\2 - A5)
2/32A2 c$(X5 - 2A2)

ap(\5-2\2)
0 0 0 2A2

(5)

The eigenvalues of C are

A! = (au + /3v-

\2 = \3 = (CM + /3v)/2

A4 - (aw + /3v + Wo2 + /32)/2 (6)

They are combined in Eq. (5) for reasons of compactness as

AS — AI + \4 and Ag = AI — A4

The metric coefficients in Eq. (5) are normalized as

For ce = £* and /3 = %y , C = ^4 , and for ot = rjx and /3 = ̂  ,
C -B. The metric coefficients are

r)y/J =

(7)

III. Spatial Differencing
The coefficient matrix C can be split according to the sign of

its eigenvalues

C = C + -C~

with C± = C(A^), m = 1, 2, 3, 4, and

A± = ( | X m | ±Am)/2

Upon inserting Eq. (8), Eqs. (2) assumes

(8)

(9)

(10)

A semidiscrete finite-difference approximation to Eq. (10)
that is numerically stable in the sense of a linear stability
analysis as in Steger and Warming17 reads

-B-AJ
+

+l/2Q+B+Ajr_l/2Q=0

with

i/2e = (3/2 -
1/26 = (3/2 -

1/26 = (3/2 -

1/26 - (3/2 -

(11)

1/2G -
/ _ l/2Q - (1/2 - «2)A,_ 3/2G

1/2G ~ (1/2 - 03)4, + 3/26

y _ 1/2G - (1/2 - 04)A;-3/2G (12)

y + i

i -2 i -1 i i+1

Fig. 1 Computation in the neighborhood of a shock wave.

and

/ = / or j

where g,, ^4 * ,B*, and 0^ with /: = 1, 2, 3, 4 are taken at the
centroids (/,y). For 0! = </>2 = </>3 = 04 = 0, Eq. (11) gives the
semidiscrete baseline scheme that uses second-order, one-sided
differences. All mesh points, except those in the neighborhood
of a shock wave, are computed with the same baseline scheme.
Close to shocks, this baseline scheme is modified via the
parameters 4>k to accommodate a floating-shock-fitting tech-
nique.

Consider, for example, the computations of the points
(/ - 2,y), (/ - l,y), (i,j), and (/ + l ,y) in Fig. 1. In order to
avoid taking differences across the shock, the forward differ-
ences at (/ - 2, j) and the backward differences at (/ + 1, y),
both in the / direction, are given by first-order, one-sided
differences. That is accomplished by setting

and = 1/2 (13)

Forward differences at (/ - 1, j) and backward differences at
(/,./), both again in the / direction, are altogether suppressed.
This is easily coded when the discrete equivalent to Eq. (9) for
the eigenvalues associated with the matrix A is written as

(14)

Analogous expressions are easily derived to control the one-
sided differences in they direction at (/, j - 2), (/, j - 1), (/,
y), and (/, j + 1) for a shock trans versing an / = const line
between (/, j) and (/, j - 1) (see Fig. 1).

IV. Time Differencing
A time-implicit operator containing block-tridiagonal ma-

trices for the two-dimensional Euler equations is given by

(15)

where / = identity matrix, T = time step, AQn = Qn + l - Qn,
and n indicates the time level. As before, the Jacobians A and
B are formed at the centroids (/, j). For ^= Vi, Eq. (15)
resembles a second-order-accurate Crank-Nicholson scheme,
which is used in calculating transient flows. For \l/ = 1, Eq.
(15) recovers first-order-accurate Euler backward-time differ-
encing, which is preferred for steady-state applications since it
produces lower asymptotic spectral radii than the Crank-
Nicholson scheme due to its better damping properties. The
algorithm is cast in delta form to compute steady-state solu-
tions that are independent of the time step size. The residual
RES(g") comprises the spatial differences in Eq. (11) evalu-
ated at the nih time level with the provisos as discussed in the
preceding section.
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With approximate factorization (AF), a standard nonitera-
tive solution algorithm15 for Eq. (15) is written as

X [/ - A, - B Ay-_ 1

= -T.RES(e«) (16)

By using a similarity transformation such as C = JAJ"1,
A = diag(Xw) (diag = diagonal matrix) with an orthonormal
set of left and right eigenvectors TT ~ l = /, a diagonalized AF
algorithm for Eq. (16) is written as

(17a)

= MAQ (17b)

(17c)

0
t 0 -

0 1
0

where

m2 =

The time-implicit algorithm entailed in Eqs. (17) requires
some provisions along shock fronts. Since shocks are explicitly
computed and all differences across shocks are suppressed, the
fitted shocks act like internal boundaries, even though they are
allowed to float between the fixed grid points. The fact that
the solution along the high-pressure side of shocks is updated
in a separate step similar to a time-explicit updating of the
boundary conditions along the perimeter of the computational
domain suggests the modifications to the time-implicit al-
gorithm around shock points. When the boundary conditions
are updated in a time-explicit fashion, the changes A § and AQ
are usually set to zero along the perimeter of the integration
domain.18'19 This is done for reasons of convenience and gen-
erality, albeit this locally reduces the time accuracy to first
order.18 Particularly, the generality aspect lends itself to a
simple adoption of this approach to the treatment of shocks as
internal boundaries by writing

.RES(fi"j (18a)

(18b)= MAQ

Finally, Qn+ 1 is computed from Eq. (17c). In the absence of
shocks or for unsteady problems, where a global time step is
chosen such that the maximum Courant-Friedrichs-Lewy
(CFL) number is less than unity, At = r. In the presence of
shocks and by employing local time stepping with CFL > 1 to
expedite convergence to a steady-state solution, At has to be
evaluated such that CFL<1 at the shock points (i.e., points
adjacent to the shock and on the high pressure side). This

constraint comes about because of the time-explicit shock
treatment.

V. Two-Dimensional Shocks
Thus far, floating-shock-fitting methods have exclusively

relied on a single concept to compute the shock orienta-
tion.1'3'8'16 After shock points are generated, they are reorga-
nized such that they form successive chains with no link being
larger than one mesh interval. This grouping process always
requires computationally "if" statements. The orientation of
the shock front is usually computed from centered differences
between the coordinates of shock points along the shock
front. If a shock point is without an immediate neighbor
above or below, one-sided differences are employed. If a
shock point is isolated, it needs to be dropped. Along inviscid
walls, the shock normal is assumed to run parallel to the wall
surface. Sometimes "wrinkled" shocks are encountered,
which are numerically ironed out via some ad hoc manipula-
tions.3'8

Adopting Davis'10 approach for computing the local shock
orientation eliminates the need for the aforementioned pre-
cautions and special procedures. Since the local shock orienta-
tion is computed independently from neighboring shock
points, successive links of shock points need no longer be
assembled. Note that this quality forms a keystone for a
straightforward extension of floating shock fitting to three
dimensions. Moreover, isolated shock points are no longer an
issue; they either form a nucleus for a nascent shock or they
will fade away. Wrinkles have never been observed with
Davis' simple and effective approach that flows from the
continuity of the tangential velocity component across a
shock.

Figure 2 illustrates the present approach to compute the
shock orientation and to update the solution across a shock
via the Rankine-Hugoniot relations. Some oblique shock is
bracketed by two points, A and B, that lie on a 77 = const line.
Furthermore, assume that V* = riyu—r]xv > 0 and that B be-
longs to the high-pressure region. Then, the direction cosines
of the normal shock in a local reference frame are

N = Aq/ Aq \

where TV = (Nl,N2)T and q = (V, V*Y with

(19)

= - A,_ 1/2KA/(A,_ 1/2F)2 + (A;-_ 1/2F*)2

,_ 1/2 F*/V(Af-_ 1/2F)2
2F*)2

V* = - r)xv (20)

Thus, V is the scaled contravariant velocity component nor-
mal tor] = const lines, and V* is perpendicular to Kand in the
£ direction. The notation rjx and r)y indicates that the metric
coefficients are either locally evaluated at the midpoint of the
interval (/', / - 1), or that they are computed as averages from
the nodal values at / and / - 1. Thus, the shock orientation as
defined in Eq. (19) depends only on the change in the normal
velocity component across a shock.

J + l

j - 1 i - 1 t

Fig. 2 Updating of a shock point.
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The velocity components normal and tangential to the
shock, u and v, are computed from

u = VNl+ V*N2

v = VN2 ~ V*Ni

(21a)

(21b)

These quantities together with entropy and the speed of sound
are used to update the solution at point B using the
Rankine-Hugoniot relations

= <*A~
<5M2)

6) M

M2- 1

tion of the following simple and efficient procedure16: 1) up-
date L by inserting the most recent value for M in Eq. (24), 2)
update M with M = M + e3[EEq (25) - £Eq.(24)]. A handful of
iterations suffice to approximate M with an error margin of
io-5.

The final values at B are obtained by assuming B lying right
at the shock and applying a linear interpolation between the
shock front and the second node to the right of the shock. This
interpolation improves accuracy in general and ensures that
subsonic downstream conditions are properly communicated
to the high-pressure side of the shock.

Finally, the shock is moved along the t\ - const line by the
increment

As = (W/N2)At

= VA

1 1 + 6M2 J
(22)

The symbol M represents the relative shock Mach number

ua- WMl = : (23)

where W is the shock speed. Moretti16 developed an implicit
function relating the shock Mach number M to a shock pa-
rameter U

£ =
5M2) + 5(M2 - l)N2

(1 + 6) | M
(24)

To merge this approach to computing the shock Mach number
M with the present approach to determine the shock orienta-
tion, the shock parameter L is here defined as

(25)

The shock parameter is basically the normalized difference
of a Riemann variable (i.e., a/5 — v*) taken at two consecutive
grid points. Moretti and DiPiano6 introduced this shock pa-
rameter because it was kind of natural within the framework
of Moretti's X-scheme and because it was demonstrated to be
a reliable and sufficiently sensitive shock sensor. The present
method is based on the SCM method that is equivalent to the
X-scheme only for two independent variables. In spite of this
incongruence of these two baseline schemes, the shock param-
eter L still proved to be useful in the present extension of the
SCM method. That is because it comprises two functions: 1) It
still provides a reliable means in detecting shock points, and 2)
it inherently carries information about the shock Mach num-
ber crucial in evaluating the Rankine-Hugoniot relations.

Once the shock parameter E of the shock point between A
and B is known, M is computed iteratively16 starting with an
initial guess for M, that is,

MO = 1 + €3[EEq.(24) - 1] (26)

where

61 =

e3 = 3/(Cl - 1 + e27V2)

6)]

(27)

The initial guess in Eq. (26) is based on the approximation of
M(£) by a linear function between M = 1 and M = 4, as in
Ref. 16. The three coefficients in Eq. (27) are computed from
evaluating Eq. (24) at M = 4, which allows for the construc-

The calculation of the relative shock Mach number does not
change at all for V* < 0. If the high-pressure side lies to the left
of the shock in Fig. 2, then the framework established by Eqs.
(19-27) still holds true, provided the subscripts A and B in Eq.
(25) are interchanged. The formulas for a shock crossing a
£ = const line are obtained from interchanging the velocity
components u, u* and v, v* and from straightforward redefi-
nitions for NI and 7V2 in Eq. (20).

VI. Detection and Tracking of Shocks
As proposed by Moretti,3'16 the information pertaining to

shock points (node points adjacent to a shock and carrying a
B label) is stored in one-dimensional arrays, with the shock
points being numbered with a counter / for identification but
not necessarily stored in any particular order. Thus, shock
information is stored as shock points are generated, and shock
points denoted with /and / + 1 may be far apart in space. To
relate a shock point /to a node (/,./), two-dimensional arrays
are introduced: 7X4 for shocks transversing rj = const lines
and IJB for shocks crossing £ = const lines. Initially (t =0),
all elements of 7X4 and IJB are set to zero. When a shock
point / is detected at a node (/, y), then its value (i.e., /) is
inserted in the corresponding position in either the 7X4 or IJB
arrays, depending on which shock family it belongs to.

The detection of shocks intersecting t\ = const lines is per-
formed first. Marching in the £ direction, along each line
rj = const, Eq. (25) is evaluated at every grid point. If £
exceeds some tolerance L0 (typically E0 = 1.05, which trans-
lates into a shock Mach number of about 1.08), then E is
stored in a one-dimensional array at location /; if it is a new
shock point, then 1) / = / + 1, 2) 7X4 (/, j) = /, 3) the initial
guess for the shock location is computed from SPL(/) =
V(A/_ i/2x)2 + (A/_ i/2j)2/2, and 4) the location of the high-
pressure side (whether B lies to the right or left of the shock
front) is indicated by setting a flag in another one-dimensional
array.

If a shock point moves into an adjacent mesh interval
downstream, the values upstream are extended to the new
upstream node. Likewise, the most recent values at the B point
are assigned to the new downstream node when the shock
point moves into an adjacent upstream mesh interval.

The application of the shock detection algorithm to shocks
intersecting £ = const lines is performed in a similar manner,
and the logic for shock tracking applies equally to both shock
point families. Finally, it should be mentioned that a shock
point may simultaneously belong to both shock point families;
the Rankine-Hugoniot relations are then twice applied—the
updated values on the high-pressure side are the same for both
updates.

VII. Boundary Conditions
For supersonic far fields, all dependent variables are speci-

fied. For subsonic flow, the far field boundary conditions are
determined from characteristic-based formulations as readily
found, for instance, in Refs. 19 and 20.
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Along nonporous walls, the normal velocity is set to zero.
The tangential velocity components are computed by linear
extrapolation of the Cartesian velocity components onto the
surface and subsequent subtraction of the pertinent Cartesian
component of the contravariant velocity component normal to
the surface. As in Barton and Pulliam,21 entropy on the wall is
computed from simple extrapolation. These boundary condi-
tions for a nonporous wall allow computing the speed of
sound along the wall from the momentum equations by sim-
plifying r)x (£ momentum) + 77^(77 momentum):

(28)

where n is the direction normal to the body surface, which is
here assumed to coincide with an 77 = const line. Updated
values for a are obtained from Eq. (28) by central differencing
(a2)^ and forward differencing (a2\, and solving a tridiagonal
system of equations along the body surface by a point-Jacobi
relaxation.

VIII. Results
Riemann's Problem

The numerical solution of a one-dimensional shock-tube
flow is chosen to demonstrate the capability of a nonconserva-
tive Euler code to accurately track transient shock waves. In
Riemann's problem, a diaphragm separates a perfect gas with
different entropy but uniform temperature. With the rupture
of the diaphragm, an expansion propagates into the low-en-
tropy gas, whereas a shock wave followed by a contact discon-
tinuity runs into the high-entropy gas (see Liepmann and
Roshko22 for details and the exact solution).

In Fig. 3, the solution with the shock-fitting method is
compared with the numerical solution by Steger and Warm-
ing17 and the exact solution. The initial density ratio is 10, and
as in Steger and Warming,17 r/Ax = 0.4, which corresponds to
CFL « 0.95. The shock-fitting method yields a crisp represen-
tation of the shock, which is in phase with the exactly com-
puted shock. The shock-capturing method by Steger and
Warming smears the shock over three mesh intervals and
reveals some spurious pre-v and postshock oscillations. Both
numerical methods smear the contact discontinuity. For the
shock-fitting method, this deficiency can be eliminated by
explicitly computing, that is, fitting, the contact discontinu-
ity.1'6 The shock-fitting method also discloses some "wavy"
behavior around the transition from the expansion fan into
the still undisturbed gas. This slight aberration can be cor-
rected by fitting this gradient discontinuity.6

Regular Shock Reflection
This is a standard test case10'23'24 used to assess a code's

accuracy in computing shocks that are not aligned with cell
interfaces. This is a crucial issue since, with few exceptions, all
multidimensional upwind schemes are constructed with the

present calculation
Steger & Warming
exact solution

solution at time = 1

initial pressure ratio ,= 10

assumption that the shock normals are parallel to the cell
surface normals (see, for instance, Ref. 25).

Results are presented for supersonic flow (M^ = 2.9) along
a nonporous wall with a shock impinging on that wall at an
angle of 29 deg. The calculations are started by assuming
uniform flow with Mw = 2.9 everywhere except along the top
boundary, where the variables are consistently overspecified
from the jump conditions. The comparison of computed and
"exact" pressures along the line y = 0.4 in Fig. 4 shows again
the sharpest possible discrete resolution of both the impinging
and reflected shock. Note that the results are "grid-indepen-
dent": The correct answer is calculated on a uniform grid of
just 16 x 6 grid points; this is only 1/16 of the usually10'23'24

employed 61 x 21 grid points. Figure 5 shows pressure con-
tours and grid lines for computations on three successively
refined grids. In all three cases, the shocks are confined to just
one mesh interval. (The jagged appearance of the shocks is
due to the contouring routine's use of bilinear interpolation
between the known nodal values.)

Figure 6 summarizes the convergence performance of the
shock-fitting method. The L2 norm of all residuals is driven to
machine zero in 100-200 iterations, depending on the fineness
of the grid. The computing time per grid point and per itera-
tion using 64-bit-word arithmetic is 27 /*s on the CYBER-205
at NASA Langley, 14 ps on the Cray-2 at NAS, 11 /*s on the
Cray-2s at NASA Langley, and 7.5 ps on the Cray Y-MP at
NAS.

These computing times are obtained on the 61 x 21 grid
with the same computer program, which is written in standard
Fortran 77 to make it portable. For completeness, it is men-
tioned that only one processor has been used on any of the
Cray computers.

Supersonic Flow Past a Cylinder
This benchmark test14'23'26 involves computations on a

curvilinear, body-fitted grid that is not aligned with a strong
detached shock. The results in Figs. 7-9 are computed for
MO, = 8.0. As frequently done,14'27'28 the calculations are ini-

.8

.6

.4

.2

OU

calculation
exact solution

16x6 grid points
//! = .40 .

calculation
exact solution

31x11 grid points

calculation
exact solution

I

61x21 grid points
y/f = -4° i

0 1 2 3 4
X

Fig. 3 Solutions for Riemann's problem.

0 1 2 3 4
X

Fig. 4 Pressure coefficients for shock reflection problem.
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(cp)max = 1.0
(Cp)mln = 0.0
ACB = 0.05

16x6 grid points
21x11 grid

(Cp)mox = 1.0
(Cp)mln = 0.0
ACp = 0.05

31x11 grid points

(cp)max= 1.0
(cp)mln = o.o
ACD = 0.05

61x21 grid points

Fig. 5 Pressure distributions for shock reflection problem.

10°

10-'

10'a

io-s

to-4

'10-'

io-7

io-§

10-io

io-11

local time stepping, CFL = 10

grid
16x6

31x11

100 200 300
ITERATIONS

500

Fig. 6 Convergence summary for shock reflection problem.

tialized by assuming adiabatic flow on the cylinder surface,
which implies constant total enthalpy. According to inviscid
theory, the body surface is created by a line of constant
entropy, with a value equal to that downstream of a normal
shock with a shock Mach number equal to M^. The initial
velocity magnitude along the cylinder surface is determined by
assuming a Newtonian pressure distribution29 in conjunction
with the constancy of the total enthalpy. The initial shock
shape and shock location are computed using some empirical
formulas.30 Once the Rankine-Hugoniot relations have been
applied, the initial flowfield between shock and body surface
is computed from linear interpolation. The solutions are cal-
culated without the usual assumption of bilateral symmetry.
They demonstrate that the present method is free of producing
"carbuncles" or "protrusions" along the stagnation stream-
line.31 The surface pressure results compare very well with the
"exact" solution by Lyubimov and Rusanov26 (Fig. 7); so do
the shape arid location of the fitted shock (Fig. 8). Figure 9
demonstrates that a sharp representation of the shock is
achieved on a grid with just 21 x 11 grid points, without
having the grid adapted to the shock shape.

20 40 60 80 100 120 140 160 180
0, circumferential angle, deg

Fig. 7 Surface pressure distributions for detached shock problem.

The convergence summary in Fig. 10 indicates that although
the solutions converge rapidly to a steady state, the L2 norm of
all residuals drops only about four orders of magnitude. This
limit cycle behavior is due to the crude grids and the subsonic
pocket between bow shock and cylinder. Small inaccuracies in
the subsonic region trigger a minute, but never damped oscil-
lation of the shock front, which, in turn, prevents the subsonic
solution from converging to machine zero.

Transonic Airfoil
Supercritical flow (M^ = 0.8) past a NACA 0012 airfoil at

zero incidence has been chosen to demonstrate the capability
of the present code to handle transonic flows with embedded
shocks. These solutions are computed on a coarse and a stan-
dard C-type mesh. The standard mesh with 161 x 33 grid
points has been closely patterned after that used by Pulliam et
al.32 for computing subcritical shockless flows. A coarser grid
(81 x 17) has been derived by dropping every other grid point
in each coordinate direction. The computational study by
Pulliam et al. on transonic flows over the same airfoil has been
selected because, with its thorough documentation, it allows
for a well-defined comparison between a quite accurate shock-
capturing method whose accuracy has been further enhanced
by using adapted meshes, with the present method being used
on "unadapted" meshes.

For the chosen parameters, an upper and a lower shock
develop at x/C ~ 0.5, which coincides with the coarsest
chordwise resolution of the "subcritical" grids. The spatial
step size Ax/C in the neighborhood of the fitted shocks is
about twice (161 x 33 grid) and four times (81 x 17 grid) as
large as in the comparable computations by Pulliam et al.,32

who employed an adapted 161 x 33 mesh with 16 £ = const
lines clustered along the shock fronts with a regular spacing of
Ax/C = 0.01. Even with this handicap, the surface pressure
distributions and the shock locations as predicted by the pre-
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\- Mmh = 0.0
AM = 0.1

21x11 grid points

A shock shape after
Lyubimov & Rusanov

i_______-1.5
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Fig. 12 Surface entropy distributions for supercritical flow past a
NACA 0012 airfoil.
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Fig. 13 Convergence summary for supercritical flow past a NACA
0012 airfoil.

sent method on both grids agree quite well with the shock-cap-
turing results on the adapted grid (Fig. 11). (Note that despite
their crisp appearance, the captured shocks are still resolved
over four mesh intervals.) The surface entropy distributions in
Fig. 12 provide another means of demonstrating the accuracy
of the present results: 1) Entropy is only generated across the
shocks, 2) away from shocks entropy is merely convected and
thus it remains at a constant level, and 3) the fitted shocks are
completely devoid of any spurious oscillations. As indicated
by the convergence summary in Fig. 13, it takes roughly 400
(900) iterations to reduce the L2 norm of all residuals by about
seven orders of magnitude for the coarse (standard) grid case.
Starting from freestream conditions, it takes less than 500
iterations to establish asymptotic values for the drag, which
differ by just five counts for the two cases.

There are several reasons for some minor differences be-
tween the present airfoil results and those published in Ref.
33. First, a sharp trailing edge has been produced not by
bevelling (as before), but by extending the chord by roughly
1% as in Lock.34 Furthermore, different far field boundary
conditions, which are more general than those in Ref. 33, have
been used in the present calculations. Finally, the shock pa-
rameter [see Eq. (25)] has been redefined such that it no longer
requires orthogonal grids.

IX. Conclusions
A floating shock-fitting technique has been devised and

combined with a second-order-accurate upwind scheme based
on the SCM method, and with a time-implicit, diagonalized
AF algorithm. The result is a fast and robust, two-dimensional
Euler code that produces accurate results for shocked flows on
crude meshes that are not adapted to the shock fronts. Future
work will concentrate on implementing a contact-discontinu-
ity fitting capability and an extension to three-dimensional
flows.
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